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EMPIRICAL BAYES ESTIMATION WITH
DYNAMIC PORTFOLIO MODELS

Abstract

This paper considers the estimation of parameters in a dynamic
stochastic model for securities prices, where the expected rate of return
is a random variable. An empirical Bayes estimator is developed from
the model structure. The estimator is an improvement on other pop-
ular estimators in terms of mean squared error. The effect of reduced
estimation error on accumulated wealth is analyzed for the portfolio

choice model with constant relative risk aversion utility.



1 INTRODUCTION

The decision on allocation of investment capital to risky and risk free oppor-
tunities is a fundamental problem in portfolio theory. A basic input to the
investment decision is the distribution of future returns on securities. The
prediction of future securities returns is based on price information available
at the time of the decision. Prediction errors can have a large negative impact
on portfolio choice and the resulting accumulation of wealth (Loffler 2003).
Errors in the prediction of mean returns are particularly damaging to wealth
accumulation (Kallberg and Ziemba 1984, Chopra and Ziemba 1993).

A standard framework for the trading prices of securities is the geomet-
ric Brownian motion model (Merton 1972). With a hierarchy of stochastic
differential equations the model accommodates the dynamics observed in ac-
tual prices (Chernov, et.al. 2002) The random coefficients in the stochastic
differential equations are parameters in the securities price distributions, and
the hierarchy generates a Bayesian model for price distributions. In the typi-
cal Bayesian approach, a noninformative or conjugate prior on parameters in
the price distribution is postulated (Klein and Bawa 1976). The prior in the
framework in this paper is generated by the dynamic equations for param-
eters. In the context of the model, the optimal estimate of the parameters
given price information to date is the posterior mean or Bayes estimate. The
dynamic structure provides a natural mechanism for updating estimates for

parameters as more information is gathered.



One difficulty with the Bayes approach is that parameters in the prior
distribution (and parameters in the sdes) are unknown. However, the data
on past prices can be used to estimate those parameters and provide an
empirical Bayes estimate for the posterior mean (Efron and Morris 1972,
Frost and Savarino 1986). In the dynamic model format, the observed prices
are points on a trajectory and the movement of prices provides the necessary
information to estimate the conditional (first order) and prior (second order)
parameters.

Related to the diffusion models with random parameters are the factor
models of asset pricing theory (Connor and Korajczyk 1995, Ross 1976). The
movements of the prices in the class of securities are driven by underlying set
of common market factors. In the diffusion model, the market factors appear
in the dynamics for the prior parameters. The distribution for securities
prices is defined by a factor model. The covariance matrix for prices is
simplified by the factor structure, and there is a reduction in the number of
model parameters, which leads to improved estimates.

The impact of modeling and estimation errors on forecasts for securities
prices and the resulting effect on portfolio decisions and capital accumula-
tion have been considered in many studies. Alternative estimates for the
mean return have been considered in a long series of asset prices (Grauer
and Hakannson 1985, 1995), with improves results from shrinkage (Stein) es-
timators. The results are empirical rather than theoretical, and the structure

and dynamics of price distributions is not clear.



In this paper an empirical Bayes estimate for the expected rate of re-
turn on securities is presented. The basis of the estimator is the structure
of the covariance matrix for the rates of return. With a reduced dimension
representation of covariance based on a truncation of eigenvectors, there are
sufficient degrees of freedom to estimate all parameters in a Bayesian model
for prices.. Furthermore, the structure in the covariance affects the theoreti-
cal mean squared error of estimators and facilitates comparisons. This effect
carries over to portfolio decisions and accumulated wealth.

The empirical Bayes estimator is developed from the pricing model in
Section 2. The mean squared error properties of the estimator are explored
analytically and through simulation in Section 3. The estimator is compared
to the Bayes-Stein ( Jorion 1985) and maximum liklihood estimators. In
Section 4 the wealth shortfall from estimation error is considered for the ex-
pected utility maximization problem. The methods in the paper are applied
to portfolios of stocks from the Toronto Stock Exchange and the New York

Stock Exchange.

2 EMPIRICAL BAYES ESTIMATION OF RE-

TURNS PARAMETERS

Consider a competitive capital market where trading of securities takes place
in continuous time. The distribution of prices at a point in time and the

dynamics of prices over time will be analyzed with the geometric Brownian



motion model (Merton, 1992).

2.1 Pricing Model

Let P;(t) equal the price of securityi at time ¢ and consider Y;(t) = In P;(t),i =
0, ..., K. The dynamics of price movements are defined by the stochastic dif-

ferential equations

dYp(t) = rdt (1)

dY;(t) = Ndt + 6;dV; i = 1, ..., K, (2)

where dV;,2 = 1, ..., K, are independent Brownian motions. It is further

assumed that the drift in (2) is a random variable, so that

where Z;,© = 1,..., K are correlated Gaussian variables with p;; the in-
stantaneous correlation between variables Z;and Z;.

The geometric Brownian motion model in (1) - (3) is a generalization of
a single stock model in Browne and Whitt (1995), where the rate of return
is a random variable. This model is also used in Rogers (2001) to study
parameter estimation error. There are a number of points to consider about

the relevance of this somewhat specialized pricing model.



[1] This is a multi-factor diffusion model. IfU;,j =1,...,m,m < K, are

i.i.d. standard Gaussian variables, then Z; = > '" | a;;U; and

dYi(t) = i+ Y Bro;Uyldt + 6dVi i = 1, .. K. (4)
=1

Typically the number of factors would be small and to have the param-
eters identifiable from the covariance, it is required thatm < (K — 1)/2.
The correlation between securities prices typically reduces the number of
parameters in the model, so that all parameters can be estimated.

[2] The volatilities 0;,7 = 1,...K, are non-stochastic. They represent the
specific variance of each security. The securities prices are correlated, but
the correlation is generated by the factors in the expected rates of return.
There is evidence that stochastic volatility factors are important for captur-
ing certain aspects of returns distributions such as heavy tails ( Chernov
et. al. 2002). An alternative approach to extreme returns involves adding
independent shock terms to capture dramatic price changes. The dynamic
equations become

dY; = Ndt + 0;dV; + ¥, dN;(m;),

where dV;(m;) is a poisson process with intensity 7;, and shock size ¥;,1 =
1, ..., K. Between shocks, the financial market is described by the Brownian
motion equations. In normal times, the random drift model is sufficient to
explain the mean, variance and covariance for returns. An approach to the

model with shocks is to define a conditional model given the shocks. The



conditional dynamics are in the form (2), and the methods of this paper
are appropriate for estimating the conditional parameters. Then the shock
component is iteratively determined to minimize mean squared error.

The emphasis in this paper will be on estimation of the mean since it has
the greatest impact on portfolio decisions. Chopra and Ziemba ( 1993) show
that equal size errors in estimators for the means, variances, and covariances
affect portfolio performance in the order of 20:2:1, respectively. Grauer and
Hakanson (1995) also report substantial improvement in investment perfor-
mance using better estimates for the mean.

[3] The rates of return in normal times may be dynamic, with defining
equations d\;(t) = pdt + B;dq;, where dg;;i = 1, ..., K, are correlated Brow-
nian motions. So A\;i(t) = \i(0) + wit + Biv/tZi,i = 1,..., K. The estimation
methods discussed later are easily adapted to the estimation of parameters

with dynamic stochastic rates of return.

Returning to the pricing equations, let

Y(t) = ((t),..,Ye(t)),
A= (A, k),
A = diag(6},...,6%),
o= (s pr)

' = (y) = (BiB;pij)-



Without loss of generality assumeY (0) = 0. Given (A, A), the conditional

distribution of log-prices at time t is
(Y (B)A A) & N(M, tA) (5)
From (3) the rate has a prior distribution

Ao N(p,T). (6)

It follows that the marginal distribution of log-prices is

Y (t) o< N(ut, %), (7)

with
Zt :tQF—l—tA:Ft—i—At

It is an important property of the model that the covariance for log-
prices is partitioned into a component determined by the random drift and
a component determined by the diffusion.

At any point in time it is assumed that information is available on the
history of prices. Consider the data available at time t,{Y (s),0 < s < t}, and
the corresponding filtration 37 = o{Y(s),0 < s < t}. The usual estimate

for the mean log rate of return based on the data is

ﬁ:%ﬂﬂ (8)



With the prior distribution for A in (5) and the conditional distribution
for Y (¢) in (4), the posterior distribution for A given 3} is
(AIST) o< N(A, IY), (9)

where A, = p+ (I — AS7N)(Y; — p) and T9 = L(I — AS7HA,.
It follows that the Bayes estimate for the mean rate of return at timet

is the conditional expectation

V) =p+ I - ASTHY, - p) (10)

>
[

g

>

The Bayes estimate in (10) depends upon unknown parameters(\,I', A).
If the parameters can be estimated from the data on past returns, then
replacing (A, ', A) with estimates (5\, f,A) will provide an empirical Bayes

estimate for the mean rate of return.

2.2 Estimation

Assume that securities have been observed at regular intervals of Width% in

(s+1)t

the time period (0,¢). The log prices at times , given the log prices at

times %, s = 0,...,n, are defined by the model as

t t . 1
Y(s) = -1 —A —A27. 11
() = yls = 1) + A+ (1)
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The first order increments process generates sample rates

e@):aqg—y@—1»+%:a»+¢§Aaa (12)

which are stationary with covariance

EM=F+%A:FM+AW

and mean E(e) = \.
>From the realized trajectory of prices, the observations on log-prices at

times st s=0,...,n, are
) y ooy 10y
n

{Yis,i=1,...,K;s=1,...,n}.

The corresponding sample rates are

{eis,i=1,...,K;s=1,..n}.

With e/, = (eys, ..., eks), it follows that

_ 1<
Y;g:ﬁszzges (13)

So Y, is the maximum liklihood estimate of A, given the sample rates

{es,s =1,...,n}. Let the covariance matrix computed from the observed

rates be S,;, the usual estimate of ¥,;. The theoretical covariance is parti-

tioned as X,y = [',;; + A, and the objective is to reproduce that partition

11



with the sample covariance matrix. If the eigenvalues of I'); are Ay, ..., A,
and A,,; = diag(d3, ...,0%), then the eigenvalues of 3,y are A\; +07, ..., \x +0%.
When the rank of I',;; is m < K, then \,,,1 = ... = Ax = 0. Consider the

spectral decomposition of S,;, with the ordered eigenvalues

g1, -, 9K

and the corresponding eigenvectors!y, ..., lx. To generate the desired sample
sample covariance structure, choose a truncation value m < K, and define

the matrices

Lot = (L, oy ) (14)

Gt = LuiLiy, (15)

-Dnt = dzag(Snt — Gmg) = (dl, dK) <16)
S:Lt = Gnt + Dnt (17)

where the eigenvectors are scaled so that

l;lj = gj — dj.

In the theoretical covariance, it is possible that the eigenvalues);,j =1, ... K,

12



are all positive. However, it is expected that the covariance between securities
prices is generated by a small number of underlying portfolio’s (factors) , and
therefore the number of positive eigenvalues(m) is small relative to K. In any
case m is indeterminate and an arbitrary choice introduces error. Since many
of the eignvalues and eigenvectors in the above construction are discarded,
the method is referred to as truncation. The impact of truncation error will
be considered in the next section.

The matrices Gy, Dy, S;, are estimates of I'yy, Ay, Xy, respectively.
Therefore, [ = G, and A = LD, are estimates of model parameters I’

n

and A. The estimate of ¥, is

S =t +tA =T, + A, (18)

For the parameter u, the prior mean, assumptions about the financial market
can guide estimation. If it is assumed that the there is a long term equilibrium
value for returns on equities, it is reasonable to say \;,2 = 1,..., K, have a
common mean. So i’ = (u, ..., ) and the prior mean is estimated by /i1,

where 1 is a vector of ones and

Gy = % ZZ (19)

The truncation estimator for the conditional mean rate of return at time t is

Ay = il + (1= A (Y = ful).

13



The truncation estimator is an empirical Bayes estimator since it is in the
form of the Bayes estimator, with estimates for the prior parameters. Note
that the assumption of a common prior mean could be relaxed to a common
mean within asset classes, or some other grouping of securities.

An alternative empirical Bayes estimator has been developed by Jorion

(1986). The prior mean is estimated by a weighted grand mean

f=1'8'Y,/(1'S,'1). (20)

The Bayes-Stein estimate of A is

Aps = fis] + ( )(Y: — fiel), (21)

n
p+ K
with

K+2
(Y; — 1) Sy (Y — fil)

= (22)

Although they have similar forms, the concept behind the Bayes-Stein es-
timator is quite different from the truncation estimator. The truncation
estimator adjusts the maximum likelihood estimateY; based on the correla-
tion between securities prices, or equivalently the scores on the latent market
factors. The prior distribution is multivariate normal and the conditional co-
variance (specific variance) is diagonal. The Bayes-Stein estimator shrinks
all the Y, toward the grand mean, based on variance reduction. In this case,

the prior is univariate normal, and the conditional covariance is not diagonal.

14



3 PARAMETER ESTIMATION ERROR

A number of possible estimators for the expected rate of return on securities
have been presented. The truncation estimator is based on the Brownian
motion model for dynamics, and incorporates structural information about
the covariance between rates of return on securities. The estimator has logical
appeal, but the standard assessment of an estimator is based on estimation
error. This error is now considered both theoretically and numerically. Since
it is understood that estimation is based on data at timet, the time subscript
will be dropped in all expressions.

Each of the estimators can be written as

~ ~ _

A=pal+ (I - B)(Y - al). (23)

So B=0gives A=Y, B=DS* " gives A = Aq,, and B = (1 — 217 gives
A = Aps. In each case B can be viewed as an estimate of B = AX7L the
Bayes value. Of course, the assumptions underlying the prior would differ

for each estimator.

3.1 Theoretical Risk

The standard criterion for comparing estimators is based on the mean squared

error matrix:



(In the analysis of this section, the expectation in the MSE is with respect
to the conditional and prior distributions, so the dynamic Bayes model is
assumed to be correct.) The risk of an estimator is defined as the trace of

the MSE matrix:
RO A) =trEQA =M (A = \). (25)

It is well known that the Bayes estimate minimizes the risk. The work here
will focus on the additional risk that is incurred by using an empirical Bayes

estimate. Consider the difference
Mg —Ap = B(il — pl) + (B — B)(Y — jil).

The additional risk for an empirical Bayes estimator is

R*(\g) = trEB(fil —p1) (il — 1) B'+tr E(B—B)(Y — 1) (Y —i1)(B— B)’.

This expression can be simplified to

A

~ 1 .
RY(\p) = m(fm)tan’B’ + EzfrE(B — B)S(B — B). (26)

The relevant information for the truncation estimator is the correlation be-
tween asset prices, and in particular the underlying factors generating the

correlation. To simplify the model, it is assumed that >, has eigenvalues

16



Mo > Y > Yl = . =Yg = 0.

So ¥, = AJ,A, with T, = diag(v1, ..., Ym, 0%, ...,0%), and then X, =
NSNS + 0% for Aty = (v; — 62)2 Ay, 5 = 1, ..., m. (With the time subscript
dropped, n denotes the number of equally spaced time points.)

The above structure specifies the rank of I',,, that is, the number of fac-
tors, and assumes a common error variance. To focus on the covariance, it
will be assumed that the error variance is known. (Note that an estimate of
the error variance is given in (16).) With the assumed structure, the addi-
tional risk for the truncation estimator and the mean rate of return can be

compared. A convenient measure for additional risk is the relative savings

loss (RSL) ( Efron and Morris, 1972).
Definition 1- Relative Savings Loss

Consider the Bayes estimator S\B, the mazimum likelihood estimator Y,
and an alternative estimator \. Then the relative savings loss for the esti-
mator \ is

R*())

RSL(\) = BT (27)

So the RSL of the optimal Bayes estimator is 0, and the RSL for the

sample mean is 1 . Intuitively, the risk for the truncation estimator is between

17



the risk for the Bayes estimator and that for the mean, i.e. the RSL is less
than 1 for the truncation estimator. There are two important components
in the risk and RSL expressions for the truncation estimator: (i) sampling
error; and (ii) truncation error. These components are considered separately-
sampling error when there is no truncation error, and truncation error when

there is no sampling error.

3.2 Sampling error when m is known

If the number of factors in the random rates of return is known, then the
empirical Bayes estimator Ary is an improvement on the mean rate of return

Y, provided there is sufficient data to identify model parameters.

Proposition 1

Suppose that the number of factorsm < K and the volatility A = 6°I in the
random rate of return model are known. Then there is a sample sizen™ such

that

RSL(Ap,) <1,

if n>n*.

Proof:

18



Consider the additional risk for the truncation estimator,

A 1 1 . .
R*(Ar,) = — ('S)trBIVB' + ~trE(B — B)S,(B ~ B)'.

where B = AX'and B = AS* . Also S, = LGL' for G = diag(gy, ..., gx )-
With m and A = 627 known, then B = AY ! = $2AT A’ and B = AS* ' =
LG 'L/, where T = diag(y1, ... Ym, 0%, ..., 62) and G* = (g1, ..., G, 02, ..., 02).

Consider

trE(B — B)S,(B — B)' = trEBS,B' — 2trEBS, B’ + trEBS,B'.

>From the structure it follows that

m 4 K

A 1)
trEBS, B =E_ —+ > g))
Jj=i J j=m+1
and
> 2
trEBS,B' =Y — + 62(K — m).
=1 1

From the asymptotic moments of eigenvalues ( Seber, 1984) and after some

simplification

19



As well

Substituting expressions into the additional risk for A7y yields

. 1 1 K —m =0t —n,
RY(Ar,) = U'S1)trB1U'B" + — ! ).
) = VB BIVE + LY LG 00
For Y, it follows that
RY(Y) = ! (I'S1)trB11'B' + l(i 5—4 + 8*(K —m))
nk? ni= '

Consider that

K —m = 6* — 7, Lot
{ LN 4 (K —m)}| <0
n ;52—% ;%‘

if

1 m ’Yj—(54 %

In that case,

20



as required.

Usually the relative savings from using Ary in place of Y would be sub-

stantial. This will be demonstrated with an example.

Example 1
Suppose there are K = 5 risky assets with prices defined by equations
(2) and (3). Assume there ism = 1 factor in the random rates of return and

the covariance matrix for log prices is

10 .0395 .0395 .0395 .0395 ]
0395 .10 .0395 .0395 .0395
Y =1.0395 .0395 .10 .0395 .0395
0395 .0395 .0395 .10 .0395

0395 .0395 .0395 .0395 .10

The eigenvalues are v = .250 and 6% = .0625 with multiplicity 4. From the

expressions for additional risk

078125 5.25
+ 2
n n

RY*(\p,) =

and

21



— 343725
RHY(Y) = .

n

Then the relative savings loss for the truncation estimator isRSL(S\TT) =

0.227 + 227 S0 RSL(Ar,)< 1if n > 20.

3.3 Asymptotic Truncation Error

In the situation where the number of factors is unknown, then an estimate

m* for m is required before estimating A. Understating the number of fac-
tors, presumably because the contribution of some factors is insignificant, is
the rationale for the label truncation estimator. If the factors are equally
important, so that the eigenvalues of I' are equal, then the impact of trun-
cation will be greater. This worst case will be considered since it provides
a bound on the extra error from truncation. To simplify analysis, it will be

assumed that the sample size n is large and therefore

¥ = AN 4 6T

will be used in the truncation estimator. Also,o? = %trE.

Proposition 2

Suppose ¥ has eigenvalues v with multiplicity m and 6 with multiplicity

K —m, where v > 6%. Consider j\TT, the truncation estimator with number

22



of factors m* < m.
(i) If m < &, thenRSL(Ap,) < 1.
i), If m > & then there exists a value 62,0 < 6? < o2, such that
( ) 2 1 1

RSL(Ar,) <1 foré® > 62,

Proof:
With the covariance ¥ having eigenvalues v with multiplicity m and 62

with multiplicity K —m, then the m* truncation estimates for 6* and A.; are

2 2 (m —m*)
d° =96 +(K—m*)¢
and
02 —d® .

)2A.j,j = 1, ...,m*,

where ¢ = v — §%. With ¥* = L'L + D, then trY = trX*. The truncation

estimator, based on X, has

s o m—mt 62 — d? )
B_[(S +(K_m*)¢}(1+ ; )AlAl,

where A = (A1, A2) and Ay is K x m* and Ag is K x (m —m*). Then the

additional risk for the truncation estimator is

23



~

R*(Ar,)

1 A .
(I'S1)trB11'B + ~tr(B — B)X(B — B)' =
n

1 ¢(m —m*)(K? — 2Km* + mm*)
n (¢ + 62) (K —m*)? '

~ K
(I'S1)trB11'B +

K?n
For the mean Y, the additional risk is

, o 1K (6 + 62) — mgd?
(VS BIVB + T .

— 1
RH(T) =

2n

Without loss of generality let 0> = 1. Then

is equivalent to

p(m — m*)(K?* — 2Km* + mm*) < (K — m*)?[K&6%(¢ + 6%) — mpd?).

This becomes ad* + bd* + ¢ > 0, where a = (K —m*)(2m — K), b = (K —
m*) (K —m) + (K? —2m*K +mm*), and ¢ = —(K? — 2m*K + mm*). For
the quadratic in 62 there are two cases.

(i) If m < £, the quadratic is concave with one root less than zero
and the other greater than one. So ad* + 6> + ¢ > 0 for 6% € (0,0?) and

RSL(Ap,) < 1.

24



(i) If m > £, the quadratic is convex with one root less than zero and
the other between zero and one, say 0 < §? < 1. Then ad* + bd? + ¢ > 0 and

RSL(\ry) < 1 for 62 € (62, 02).

If the number of market factors is small, the effect of truncation cannot
make the additional risk greater than that for the mean rate of return. If the
number of factors is large, then the truncation estimator dominates when the

variance specific to each asset is close to the variance of the common factors.

Example 2
To illustrate the effects of truncation, consider an example with X' = 8
assets. The covariance structure is determined by the matrixA,, = m_%Em,

where F,,is defined by the first m columns of the matrix

1 -1 -1 1 1 -1 -1 1

The error variance is 62 = 1. The variance of each log-price is 2 and

25



tr3 = 16. The eigenvalues of > are v = % + 1, with multiplicity m, and
62 = 1, with multiplicity K — m. This is the situation of the proposition,
where truncation error is greatest. In Table 2, the relative savings loss for

the truncation estimator, with the range of values of m and m*, is presented.

m

1 2 3 4 3 6 7 8

1] 0.9903 | 0.9575 | 0.9219 | 0.9007 | 0.8995 | 0.9249 | 0.9252 | 1.0
2 0.9513 | 0.9804 | 0.8809 | 0.8769 | 0.9061 | 0.9391 | 1.0
3 0.8944 | 0.8581 | 0.8490 | 0.8817 | 0.9214 | 1.0
m* | 4 0.8351 | 0.8154 | 0.8419 | 0.8960 | 1.0
3 0.7812 | 0.8055 | 0.8572 | 1.0
6 0.7586 | 0.7921 | 1.0
7 0.6975 | 1.0
8 1.0

Table 1: Relative Savings loss with Truncation: Worst Case Scenario

As expected, including more factors (less truncation) improves the relative

performance of the empirical Bayes estimator.

3.4 Simulation Results

The analytic results have established the relative advantage of the truncation
estimator. To calibrate the size of the advantage, two data sets of actual asset
returns are now considered: (i) end of month prices for 24 leading stocks from
the Toronto Stock Exchange (TSE); (ii) end of month prices for 24 leading
stocks from the New York Stock Exchange (NYSE). For both markets, the

data covers the years 1990 -2002. The correlation structure for prices is
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different for the exchanges, so a performance comparison of estimators will
show the significance of structure. The percent of variance accounted for by

the top 5 eigenvalues for each correlation matrix is shown in Table 2.

Table 2: Leading Eigenvalues (% of variance)

M Vo ¥z | 74 | 75 || Total
NYSE [ 21.9 [ 124 | 7.9 | 6.6 | 5.5 | 54.3

TSE | 283 |18.7|148 |89 |6.7| 77.4

>From the data on monthly closing prices for the set of 24 stocks on
the Toronto Stock Exchange and the separate set of stocks on the New York
Stock Exchange, the price increments (natural log of gross monthly rates
of return) were computed. The mean vector and covariance matrix of the
increments for each exchange was computed, and these values were used as
parameters in the dynamic model. Trajectories of prices for 50 months were
simulated and the expected rates of return were estimated by the various
methods: average, truncation estimator, and Bayes-Stein estimator. For the
truncation estimator the number of factors was preset at m* = 5. Since
the TSE data has a more compact market structure, it is expected that the
truncation estimator with m* = 5 will perform better in that case. This
expiriment was repeated 1000 times and the root mean squared error for

each estimator was computed. The results are shown in Table 2.
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NYSE Estimator TSE Estimator
Stock Tr ‘ Avg ‘ BS Stock Tr ‘ Avg ‘ BS

Snysea | 1.9725 | 2.8432 | 2.1462 || Srsp1 | 1.7668 | 4.5063 | 3.1027
Snysgez | 4.1581 | 4.8305 | 4.2945 || Srspe | 2.7083 | 4.4457 | 3.2007
Snyses | 1.8415 | 2.9378 | 2.2138 || Srsps | 1.9782 | 4.3989 | 3.0300
Snysea | 2.2514 | 3.0818 | 2.3202 || Srspa | 1.7466 | 4.3747 | 3.0131
Snyses | 2.5917 | 2.8565 | 2.2977 | Srses | 1.6950 | 4.5301 | 3.1046
Snysee | 2.8090 | 2.9188 | 2.2270 || Srspe | 1.8265 | 4.6527 | 3.2517
Snyser | 4.9898 | 5.3249 | 5.8516 || Srsp7 | 1.6682 | 4.2899 | 2.9744
Snyses | 2.1711 | 2.9338 | 2.2597 || Srsps | 1.8485 | 4.3125 | 2.9897
Snysgo | 2.3748 | 3.1987 | 2.5019 || Srspo | 1.8717 | 4.8132 | 3.3046
Snyseo | 2.0109 | 3.0979 | 2.4649 | Stse10 | 2.0050 | 4.4784 | 3.1089
Snysea1 | 2.5031 | 3.0759 | 2.4323 | Srse11 | 2.3007 | 4.5624 | 3.2394
Snysei2 | 1.9821 | 2.9752 | 2.2563 | Srseaz | 2.2495 | 5.0386 | 3.4564
Snysgeas | 2.0238 | 2.9266 | 2.2242 | Spspas | 2.6598 | 4.3629 | 3.1579
Snysgaa | 1.9424 | 3.1798 | 2.5272 || Srspaa | 1.9208 | 4.5340 | 3.1757
Snyseas | 1.9684 | 3.0972 | 2.3393 | Stses | 1.7682 | 4.4389 | 3.0406
Snysee | 2.2664 | 2.6545 | 2.0528 | Stse16 | 1.9065 | 4.3880 | 3.0011
Snyseaz | 2.2813 | 2.7824 | 2.1058 | Stspa7 | 2.1732 | 4.8737 | 3.2946
Snyseas | 4.5069 | 5.5240 | 5.7066 | Stsp1s | 2.1746 | 4.7862 | 3.3036
Snyseg | 1.8315 | 2.8630 | 2.2293 | Srspa9 | 2.2255 | 4.4604 | 3.1621
Snysgz20 | 5.3000 | 5.6623 | 6.3081 || Srsp20 | 1.8554 | 4.3601 | 3.0257
Snysge21 | 2.3198 | 2.7973 | 2.1474 | Srspo1 | 1.6668 | 4.2875 | 2.9623
Snysge22 | 2.2613 | 3.2026 | 2.3916 | Srse2e | 2.0788 | 4.5036 | 3.1099
Snysg2s | 2.7386 | 2.8809 | 2.3177 | Stspes | 2.0384 | 4.4373 | 3.1094
Snysg24 | 1.8536 | 2.9950 | 2.2968 || Srsp2a | 1.9518 | 4.1811 | 2.8882

| AVG [2.6229 | 3.3600 | 2.8297 [ AVG [ 2.0026 | 4.5007 | 3.1253 |

Table 3: %Root Mean Squared Error

The truncation estimator has smaller mean squared error for most stocks
on the NYSE and for all stocks on the TSE. As predicted, the performance

is better for the stocks on the TSE.
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4 WEALTH EFFECTS

The signifigance of quality estimates for model parameters gets highlighted
when those values becomes inputs to portfolio decisions and the accumula-
tion of wealth over time. The dynamic process for determining a portfoliois
illustrated in Figure 2, where at discrete points in time the model parameters
are re-estimated to include new information acquired for prices. The revised
estimates are fed into the portfolio choice model, and a new strategy is cal-

culated. So the investment strategy depends on the estimated parameters.

Parameter Portfolio
Estimation Choice

Rebalance
Decision

Figure 1: Dynamic Investment Process

This process will be illustrated for the portfolio selection problem with

constant relative risk aversion utility.

4.1 Wealth Loss

Consider an investor with wealth w, at time ¢ and investment strategy, given

estimator B,
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Xp(t) = (xp1(t), ..,z (1)),

where zp;(t) is the fraction invested in risky security i,4 = 1,..., K, and
Tpo(t) = 1= 321, api(t) is the fraction in the risk-less security. Let dp,(t) =

Agi(t) + %5?,2’ =1,..., K. The wealth in period t + 1 with the strategy Xp(t)

is

Wg(t+1) = wyexp {XB(t)’(dB(t) —r)+r— %XB(t)’AXB(t) + XB(t)’AZ} ,
(28)

where Z' = (Z1, ..., Zk), Z; > N(0,1).
The objective is to maximize the expected utility of wealth at timet + 1,

with

(29)

Emwu+1»:E{W“+”ﬁ_1,

&

where § < 1 and 3 # 0. This is the constant relative risk aversion power
utility function. When = 0,u(w) = In(w). For the dynamic pricing model
with random rates of return, the optimal strategy is similar to the solution

given by Merton (1992):

Xa(t) = 7547 @a(t) = re) (30)

It is assumed with (30) that the Bayes pricing model from (1)—(3) is correct.
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A derivation of the optimal solution is given in MacLean, Ziemba and Ti (
2003). It is significant that the conditional covariance of log-prices, A, is
a key component of the solution. So the investment strategy depends on
the conditional mean and the conditional covariance, and values for both
are required to implement the strategy. The empirical Bayes (truncation)
estimation provides estimates for both parameters.

When estimates for the parameters are used in calculating the strategy,
so that

1

Xjlt) = T=5A " (@5(0) ~ re), (31)

then t + 1 period wealth is

Wgs(t+1) =wrexp {XB(t)’(dB(t) —r)+r— %Xé(t)’AX(t) + X(t)’AZ} .
(32)

The ratio
WL(Xg) = FElog w (33)

Wg(t+1)
indicates the wealth loss from estimating the parameters in the Bayes model.
A comparison of the empirical Bayes (truncation) strategy with the mean
rate strategy (with an independent estimate for covariance) is defined by the

relative wealth loss.

31



Definition 2- Relative Wealth Loss

Let X+ (t), X3(t) be the investment strategies from using the mazimum likli-
hood, and empirical Bayes (truncation) estimates, respectively, for the ran-
dom rates of return. The one period ahead relative wealth loss is defined

as

WL(X5p)

RWL(Xp) = ——BZ
) S WLy

Following from the results on mean squared error, the wealth loss should

be less for the strategy based on the truncation estimator than for the strat-

egy based on the mean rate of return. In developing the comparison assume

that A = §%] is given.

Proposition 3

Assume thatA = 621 and m are known. Then
RWL(Xp) < RSL(Ag) if 5<0
RWL(Xpz)=RSL(Xp) if =0

~

RWL(Xg) > RSL(Ag) if 0< B < 1.

Proof:
Consider WL(X3) = ElnW (t+ 1) — ElnW (t + 1)
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_ R 1 ) A A A
— (1 _%)2(5_2E()\B — AB)’()\B + (552 _ r)e) + 2(1 — 5)25_2E()‘B _ )‘B)/()‘B _ )\B)
— 3 1 1 A
T —%)QWE(AB = Ap) (A + (50° —7)e) + 2(1 — 5)25_2R+()\Ba Ap)
Also

EGy—Ar) g = [B(Y - ,11)} [V — B(Y — ul)] = —EtrB(Y—j1)(Y —p1) B' = —EtrBS, B’

~

B(hs — Ay)As = E [[-BY — pl)](ul + (I - B)(Y — p1)] =

EB'(Y —ul)(Y —ul)B — E(Y — ul)B(Y — pl) = Etr BS,B' — EtrBS, = EtrBS, B — trA.

So

and
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_ < e s B
= RO\, Ag)+——=0 trA—————5*trEBS,B.
A Oy A ()

With RW L(X7,) = VV‘[/,LL(())((;)) and RSL(\r,) = %, the statement in the

theorem follows.

The wealth loss depends upon the risk aversion at the time of decision. In
the decision rule, the risk aversion parameter 3 defines a fraction of capital
invested in the optimal growth portfolio: ﬁ When 8 < 0, the control of
decision risk also reduces the impact of estimation error. Correspondingly,
when ( > 0, the overinvestment increases the effect of estimation error.
When comparing the decisions based on the empirical Bayes and mle esti-

mates, the improvement in parameter estimation translates into better wealth

performance.
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Corollary 1

Suppose that the number of factors m < K and the volatility A = 61
are known. Then there exists a value n* such that RW L(Xp,) < 1 when
n>n* and G <O0.

If the number of factors is unknown, then additional error from truncation
will be included in the estimator and the investment decision. Consider the

bias introduced by truncation

O(\ry) = E(Ap — Ay )'1. (34)

If this bias is sufficiently small, then the relationship between wealth loss

and estimation error are retained.

Proposition /4

Consider assets with price dynamics defined by (1)-(3), and investment
strategy defined by (29). Let Ary be the truncation estimate with number of
factors m* < m. If the bias for the truncation estimate satisfies

1

(552 —10(\y) < trEBS, B,



~

then RWL(X ) < RSL(A\g) if B <0
RWL(Xg) = RSL(Xp)if 8=0

~

RWL(Xp) > RSL(Ag) if 0< B <1

Proof:
>From the first statement in Proposition 3, it follows that
_ RY(\p) +26trA — 23(362 — 1)O(Ap)

RWL(X; .
(X5) R+(Ay) + 28trA — 28tr EBS, B’

If the bias inequality is satisfied, then the statements relatingRW L and RSL
hold.

The ordering on estimation loss generates an ordering on wealth loss for
alternative investment strategies when the number of factors in the price dy-
namics is truncated. For the worst case, where the truncated factors are as

important as those retained, the ordering follows from Proposition 2.

Corollary 2

Suppose X has eigenvalues v with multiplicity m and 5% with multiplicity
K —m, where v > 6 and 0® = %trﬁ]. Let the number of factors in 5\3 be
m* < m, with § <0, and assume (56 — rO(\) < trEBS,B’. Then

(i))RWL(\z) <1 when m < £

(Z’i}RWL(j\B) < 1 when m < & and 6% > 6%, for appropriate choice of
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52,0 < 62 < o,

The empirical Bayes or truncation estimator in general has smaller mean
squared error than the mle, and that saving translates directly into improved
decisions and wealth accumulation in the case of log utility (3 = 0). The
log or optimal growth strategy is aggressive, even in the Bayes case where
parameter values are known. A fractional log strategy, based on a negative

power utility function ( < 1), controls the inherent risk, and also low-

1
1-8
ers the loss from estimation error. In contrast, the levered strategies, from

positive power utility functions ( {25 > 1), exacerbate the losses.

4.2 Application to NYSE

The dynamic investment process is now implemented with the data from the
New York Stock Exchange. The approach is to forecast the prices for the next
month using the Truncation or Bayes-Stein estimator, then calculating the
investment strategy for the expected utility maximization criteria. The log
utility is assumed, so that 5 = 0. The segment of the data series from January,
1995 to December 1996 is used. The forecast and strategy are developed
from past prices, and the return is calculated from the actual prices. This
backcast is worked forward for 24 months, with the resulting accumulated
capital shown in Table 4. The returns are very large, as is characteristic
of that period, and capital is borrowed to invest in high return securities.

The relevant statistic is the relative return for the comparative estimators.
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The superiority of the truncation estimator, which was demonstrated in the

simulation, translates into improved strategies and greater wealth.

| Month | Bayes-Stein | Truncation | Ratio |

1 1000.00 1000.00 1.00
2 2753.84 3114.25 1.13
3 4734.16 2755.60 1.22
4 6155.03 7495.27 1.22
5 7072.46 8635.16 1.22
6 8800.46 10852.75 1.23
7 8057.76 9693.90 1.20
8 9839.54 12188.45 1.24
9 9915.73 12495.84 1.26
10 12373.73 16287.52 1.32
11 12945.05 17198.59 1.33
12 14734.91 19844.46 1.35
13 15114.73 20335.51 1.35
14 15905.18 21378.58 1.34
15 15753.94 21355.97 1.36
16 16988.85 23065.39 1.36
17 17817.41 24258.14 1.36
18 16744.71 22670.64 1.35
19 17483.44 23516.54 1.35
20 19935.02 26538.49 1.33
21 21354.56 28376.71 1.33
22 25299.94 33494.38 1.32
23 24760.45 32790.56 1.32
24 28880.96 37855.50 1.31

Table 4: Actual Wealth Trajectory

The 24 month test interval is appropriate for comparing estimators since
it doesn’t include the market collapse following an overvaluation of securities.

A model including shocks with depending on the size of the overvaluation
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would supplement the model to cover a market bubble.

5 CONCLUSION

The estimation of the rates of return on assets is a critical ingredient to a
successful investment strategy. An effective combination of modeling and
data can result in significant improvement in capital accumulation. In this
paper a Bayes dynamic pricing model is the basis for a truncation estimator
of the instantnaeous rate of return on assets. The key to the truncation
estimator is the correlation between asset prices. The common information in
price movements contributes to improved estimation of individual estimates.

The truncation estimator is compared to well known estimators - mean
and Bayes-Stein. If asset prices follow the geometric Brownian motion model,
then analytic results establish the superiority of the truncation estimator.
From simulation results, the truncation estimator outperforms the alterna-
tives in general.

The savings in estimation error with the proposed estimator translate
into better decisions and wealth. A back test on data from the New York
Stock Exchange emphasize the gains. The analytic formulation provides an
assessment of risk aversion in the face of uncertain returns. In particular,
the risk aversion index can be used to offset the loss from estimation error

with the truncation estimator.

39



References

1

2]

3]

4]

[5]

(6]

7]

Chernov, M. Gallant, A. R., Ghysels, E., and Tauchen, G. (2002) Al-
ternative models for stock price dynamics working paper, CIRANO,

Montreal, Canada.

Chopra, V.K. and Ziemba, W.T. (1993) The Effect of Errors in Means
, Variances and Covariances on Optimal Portfolio Choice, Journal of

Portfolio Management, 19, 6-11.

Connor, G. and Korajczyk, R.A. (1995) The arbitrage pricing theory
and multifactor models of asset returns in Finance, Jarrow, Maksimovic,

Ziemba, eds., Elsevier Science B.V., Amsterdam, 87-144.

Efron, B. and Morris, C. (1972) Empirical Bayes Estimation on Vector

Observations: An Extension of Steins Method, Biometrika, 59, 335-347.

Frost, P.A. and Savarino, J.E. (1986) An empirical Bayes approach to
efficient portfolio selection Journal of Financial and Quantitative Anal-

ysis, 21:3, 293-306.

Grauer, R.R. and Hakansson, N. H. (1995) Stein and CAPM Estimators
of the Means in Asset Allocation, International Review of Financial

Analysis, 4, 721-739.

Jorion, P. (1986) Bayes-Stein Estimation for Portfolio Analysis, Journal

of Financial and Quantitative Analysis, 21, 279-329.

40



8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

Jorion, P. (1991) Bayesian and CAPM estimators of the means: impli-
cations for portfolio selection, Journal of Banking and Finance, 15:3,

717-728.

Klein, R.W., and Bawa, V.S. (1976) The effect of estimation risk on

portfolio choice Journal of Financial Economics, 3, 215-231.

Loffler, G. (2003) The effects of estimation error on measures of portfolio

credit risk Journal of Banking and Finance, 27:8. 1427-1453.

MacLean, L. C. and Weldon, K.I..(1996) Estimation of Multivariate
Random Effects Without Replication, Communications in Statistics:

Theory and Methods, 24, 1447-1469.

Merton, R.C. (1992), Continuous Time Finance, Edition, Blackwell Pub-

lishers, Cambridge, Mass.

Middleton, L.P. and Satchell, S.E. (2001) Deriving the arbitrage pricing
theory when the number if factors is unknown, Quantitative Finance

1:5, 502-508.

Polson, N. G. and Tew, B. V. (2000) Bayesian Portfolio Selection: An
Empirical Analysis of the S&P 500 Index 1970-1996. Journal of Business

and Economic Statistics, 18, 164-173.

Seber, G. C. (1984), Multivariate Observations, John Wiley, New York.

41



Judge Institute of Management 2004 Working Paper Series

NUMBER || TITLE AND AUTHOR
01/2004 Confessions of an IS Consultant or the Limitations of Structuration Theory
(M P A Thompson)
02/2004 Changing Patterns of Human Resource Management in Contemporary China: WTO
accession and enterprise responses
(M Warner, Y Zhu)
03/2004 Reputation Resources, Commitment and Performance of Film Projects in the USA and
Canada (1988-1997)
(A L Hadida)
04/2004 The Management of Human Resources in Shanghai: A case study of policy responses to
employment and unemployment in the People's Republic of China
(G O M Lee & M Warner)
05/2004 Chance, Choice and Determinism in Strategy
(M de Rond & R-A Thiétart)
06/2004 Prospective Earnings per Share
(R G Bates, M A H Dempster, H G Go & Y S Yong)
07/2004 Economic Capital Gauged
(E A Medova & P E K Berg-Yuen)
08/2004 | Building a Risk Measurement Framework for Hedge Funds and Funds of Funds
(T R J Goodworth & C M Jones)
0972004 Empirical Bayes Estimation with Dynamic Portfolio Models

(L C MacLean, M E Foster & W T Ziema)




Working Papers Order Form

Name:

Address:

Email: Phone:

Paper(s) required:

Number Author(s) Title

Price per publication = £5.50, including postage and packing.

For orders of 5 papers or more, postage and packing will be billed separately.

Credit card payments up to £20.00 will incur an additional standard charge of £1.00.
Credit card payments over £20.00 will incur an additional standard charge of £3.00.

Total payment enclosed: £

Payment method:

U Cheque payable to “University of Cambridge”
U Draft/Money order
U Credit card Card type O Visa [0 Mastercard

Name on card

Card number

Expiry (mm/yy)

Signature

Date

Please send this completed form, together with your payment, to:

Research Support Manager

Judge Institute of Management, University of Cambridge
Trumpington Street, Cambridge CB2 1AG, UK

Tel: + 44 1223 760546 Fax: + 44 1223 339701

E-mail: research-support@jims.cam.ac.uk



