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Abstract

We consider the problem of the optimal trading of an asset in the presence of fixed
transaction costs where the asset price satisfies an SDE of the form dS; = dB;+h(Xy) dt
where B; is a Brownian motion, h is a known function and X; is a Markov Chain. We
look at two versions of the problem, maximising the long term gain per unit time and
maximising a form of discounted gain. It is well known that the optimal trading strategy
for such a problem is the solution of a free-boundary problem; we present an intuitive
derivation by viewing the optimal trading problem as a pair of simultaneous optimal
stopping problems. We also give explicit solutions for a range of examples, and give
bounds on the transaction cost above which it is optimal never to buy the asset at
all. We show that in the case where Markov Chain X; is independent of the Brownian

motion and has a finite statespace, this critical transaction cost has a simple form.

Keywords: Optimal stopping problem, trading problem, hidden Markov model

1 Introduction

We consider the problem of optimally trading an asset in the presence of transaction costs.
We assume that the asset price process has the form Sy = By + fot h(X,) du where B is a
standard Brownian motion and X is a Markov process. The only information available at
time ¢ is the past history of the asset; the Markov process X is not directly observable.

At each time t, ¢ € [0, 00) we assume that we are allowed to hold 0 or 1 units of the asset
and that we incur a transaction cost of %c > 0 whenever we buy or sell the asset. Letting
& denote our holding at time ¢ and {7;}, ¢ > 1 the times when ¢ is discontinuous, we look
for strategies which maximise E( [;° e '¢; dSy — $¢ > e #T7) where p > 0. For tractability

we will frequently just consider the limiting strategy obtained as p — 0. This is often also



the strategy which maximises lim inf;_, %E(f(f & dSy — %CZ Iir,<4y). We will refer to the
quantity lim inf; %E(fot &udS, — %cz It7,<4y) as the (long run) average gain.

In Morton & Pliska (n.d.) and Pliska & Selby (1994) a similar type of problem is con-
sidered. The authors try to maximise the long term log return per unit time in a framework
with proportional transaction costs where the asset price follows an n-dimensional geomet-
ric Brownian motion with constant drift. Here we look at a rather different class of models
by introducing an unobserved Markov Chain, and allow ourselves the luxury of a somewhat
simpler transaction cost structure and optimality criteria. This approach also introduces
the element of filtering the past history of the asset to estimate the current state of X,
a feature also considered in Mandarino (1990), where the Kalman filter is used. More ex-
amples of the filtering of hidden Markov models can be found in Elliot, Aggoun & Moore
(1995) and in its references.

The outline of this paper is as follows: In the following section, Section 2, we derive a
condition for optimality closely related to the Hamilton-Jacobi-Bellman equation, by con-
sidering the optimal trading problem as a pair of simultaneous optimal stopping problems.

In Section 3 we consider the case where the instantaneous expected drift is a Markov
process of a particular type. We derive the limiting optimal strategy as p — 0 and prove
that it does maximise the average gain in certain cases. As an example, we derive the
optimal trading strategy when the asset follows an Ornstein-Ulhenbeck price process.

In Section 4 we consider the case where X has a finite statespace. We derive conditions
on ¢ which determine whether it is ever optimal to hold the asset. We examine both the
discounted and average gain cases and as an example consider a simple 2-state model.

Finally, in Section 5 we consider a model where the asset drifts towards a level which
follows a Brownian motion; we show that this model is essentially the same as the OU

model considered in Section 3.

2 Optimality Equations

We assume that the asset price process has the form S; = B; + fg hy du, where B is
a Brownian motion adapted to a filtration F and h, = h(X,) for some Markov process
X, also adapted to F. We denote by )Y the complete filtration generated by S and let
he = E(he|Y)).

We define the innovations process Ny = Sy — [o Ty du. Assuming E( [5 B2 du < o) for
each t, N; is a )-Brownian motion (see Section VI.8 of Rogers & Williams (1987)). We
shall also assume E( [;° e~ hy| dt)?® < co. Note that if h is bounded these conditions are

certainly met.



A trading strategy ¢ is a Y-previsible process with values in {0,1} and with &y given,
such that E(>" e ?T1)? < oo where {T};}, i > 1, are the discontinuities of £&. Our aim is to
maximise the expected discounted gain, which we define by

E {/ e Ple, dS, — %cZe*"Ti

0

yo] : (2.1)

We assume that the conditional distribution of X; given )% is is described by a diffusion
pr € E C R™ with generator G, and that p; satisfies the SDE dp; = o(pi) dNy + p(py) dt.
For example, if X; has a finite statespace we could let p;(i) = P(X; = i|)%), and if the
process (S¢, X¢) is jointly Gaussian we could set p; = (E(X¢|V:), Var(X:[):)). Write EP for
expectation under the law of (p;) with py = p.

For an arbitrary function f on the statespace of X, we define A(p) to be the value Ef(X)
under the distribution for X corresponding to p.

Note that since ]E(f(;[ e Pl dN;)? < fOT e 2°tdt < (2p)~! the collection of random
variables {f(;[ e P& dN;y : T > 0} is bounded in L? and the process fg e PuE, dN, is a Ul
martingale. Using the Optional Stopping Theorem and the fact that dS; = dV; —i—/l{t dt, the

expected discounted gain, (2.1) equals

E [/ efptft/ﬁt dt — %CZ e PTi

0

)

For simplicity we will restrict attention to Markov strategies which specify & in terms of
&— and p;. Thus a strategy amounts to the specification of two subsets B and S of E, the
asset, if it is not already held, being bought at the moment p; enters B and then sold when

pe enters S. We look for Markov strategies which are optimal for all initial £ and pq.

Proposition 2.1 Suppose that for fived subsets B, S C E the strategy & which buys when
pe € B and sells when p; € S is optimal. Then there is a function w on E such that

(G—pw = ~h  onB°NS° (2.2)
= +3c onB (2.3)

= —3c onS (2.4)

c-Vw = 0 ondB,0S (2.5)

Proof

Define the function g : E — R as follows: for p € S, set g(p) = 0, otherwise set
g(p) = IEPUOHS e~ Plhy dt — Tc(1+ e=PHs)], where Hg is the first hitting time of S by p;.
First consider the problem: find a stopping time 7 to maximise EPe™""g(prrmy). Let B*

be the optimal stopping set; we will show that B = B*.



Define the sequence of stopping times o,,, 7, n > 0 by

™ = 0
on = inf{t>m7,:p € BUB"}
Tnt1 = inf{t >o,:p €S}

Note that § buys at most once in [0j_1,7;), j > 1 and sells at 7;. Define T} = T if Aly = 1,
T € [0j-1,7;) and T] = oo otherwise. Note that

[e’e) R a0 ~
E [ / e Ptehy dt — %cZe_”Tl} =E / e Pehydt —3e Y e T
0 0

T;<oo

J ~ ’
e Pthy dt — %c(eprj + e_ij)>

+E ZI{T;<OO} (/1;

j=1 j

Since E(fy’ e Pt|hy| dt)? and EQX r<o, e PT)2 are both increasing in j and bounded
above, we use Dominated Convergence to interchange the order of summation and expec-
tation in the final term of the equation above. Conditioning on ), , and using the strong

Markov property gives

o0

ZE[e_p"f—lEp"j‘lI{HB<Hs}e_pHBg(pHB)]’
7=1

where the inner expectation is just EP?ie~PHs 9(pHzAHg)- Thus by the optimality of £, and
that fact that B* is the optimal stopping set, £ buys at time o if and only if p,,_, € B*.
Thus B = B*.

We now define v(p) = EPe "7 g(prang ), so that v satisfies (G—p)v = 0in S°‘NB¢, v(p) =0
on S, v(p) = g(p) on Band 0-Vv = 0-Vgon dB. (The final condition is the ‘smooth pasting’
condition on the decision boundary, see Shiryayev (1978) page 161 or Oksendal (1994) page
202.) Similarly we define g(p) = 0 for p € B and g(p) = —Ep[fOHB e~ Plhy dt + se(14+ePHE)]
for p ¢ B. We let S* be the stopping set for the problem ‘find a stopping time 7 to maximise

Epe_p%g(p;/\HB)’, and we define the sequence of stopping times &, T, n > 0 by

7 = 0
on = Inf{t>7,:p € SUS"}
Tnyl = inf{t >0y i pt € B}

We see that § sells at most once in [6j_1,7;), j > 1, and buys at 7;. Defining TJ’ =Tif



Al = —1,T € [6j-1,7;) and Tj’ = oo otherwise, we have

[e'e) R 00 R
E [ / e Pleshy dt — %cZepTi] = E / e Pghpdt —te Y el
0 0

T;<60

[ o0 'f'/ )
+E ZI{T4<OO} (/ ’ e_Ptht dt — %C(e—ij i e‘PU))
J ~
| 7=1 0j-1

j—

[ j ~
B Ty [ e
=1 Fj-1

where the final two terms equal

E|Y / C e hydt| +E D oy | - / ey dt — Se(e T 4 &)
j=1"775-1 =1 T;

Again we can interchange the order of summation and expectation in the final term. Con-

ditioning on Vs, and using the strong Markov property, the this becomes

(0.)
Z Ele P71 EP7-1 I{Hs<HB}e_pHS§(pHs)]?
7=1

where the inner expectation is now EF?i-1e=PHs g(py npy,). Thus S = S*.

Similarly to before, define o(p) = EPe "7 §(psamy), then ¥ satisfies (G — p)o = 0 in
SN B¢ v(p) =0on B, 9(p) = g(p) on B and o -V =0 -Vgon dB. We now have two
functions

Hg N
v(p) = FEP [/ e Pthy dt — %CI{HB<HS}(6_pHS + e_pHB)}
HsNHp
Hp N
ﬁ(p) = -—F? |:/ eiptht dt + %CI{HS<HB}(€7pHS + GPHB):| .
HsANHp

Since 0 = 0V (v—g) on OB, noting that fgsS/\HB e~ P hy dt = fOHS e=Phy dt—fOHS/\HB e=Pth, dt,
we see that

HgsAHp R
0 = o-VE? [—/ e Plhydt — %C(I{HB<HS}(€_”HS + e PHB) e—pHs)]
0

HsAHp R
= o-VEP [—/O e Phydt — Se(Ip,<mgye M — [{HS<HB}6PHS)}

Similarly, since 0 = o - V(0 — g) on 95

HsNHp -
0 = o-VEP [ / e P hydt — je(Iipgepyy (€M7 + e Ps) — e‘”HB)}
0
HsNHp -
= o-VEP { / e Phydt — Se(Iipg<mgye P — I{HB<HS}6—PHS)]
0
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Defining the function w on E by

HsNHp N
w(p) = EP {/0 e Phydt — 5e(Lpgengye "™ — Liggngye ")

we have (G — p)w = —h in S°NB° w=+icin B,w=—%cin S and o- Vw = 0 on 9B,
08S.

([
Remark To see the connection between (2.2)—(2.5) and the HJB equation, define

V(p,€) = supEP [ / e Plehy dNy — > epTl}
0

to be the maximal expected discounted gain over trading strategies such that £ = &, where

the conditional distribution of Xy given )) is given by p. The HJB equation in this case is

max(Eh + GV (p,€) — pV (p,€), —Le +V(p,1 - &) = V(p,£)) =0 (2.6)

where, as before, G is the generator of p acting on V(-,£). We then have

Eh+GV(p, &) —pV(p,€) = 0 onB°NS-
V(p,1) = V(p,0) = %c on B,
V(p,0)—V(p,1) = 3c onS,

Setting w(p) = V(p,1) — V(p,0), these conditions become

(G-—pw = —h onB°NS"
w(p) = +3c on B,
w(p) —%c on S,

which are just (2.2), (2.3) and (2.4) again.

3 Markovian expected drift

We now consider the special case where ﬁt is a recurrent diffusion on an interval I with
SDE

dﬁt = U(Et) Cth — ’Y/hjt dt,

where v > 0. We will show that the limiting optimal strategy as p — 0 is to buy when
ﬁt > b > 0 and to sell when }\Lt < s <0 where b and s satisfy:

sb) = §(s), (3.1)
b—s—cy = [s(b)—s(s)]/s(s). (3.2)



Here the function s(z) is the scale function of i, which we define by §/(z) = 27/ vo(w) ™ du_
determined up to a positive affine transformation. As an example we will solve the problem
in the case when the asset price follows an Ornstein-Ulhenbeck process. Finally, we will
show that if ﬁt is positive recurrent, then, as suggested in the introduction, this strategy
also maximises lim inf;_, %H*E(f(;L £ dSy, — %CZ I{Tigt})

Our first two lemmas will show that the limiting optimal strategy for the discounted

version of the problem has the stated form.
Lemma 3.1 Any optimal strategy never buys when /f;t < 0 and never sells when ﬁt > 0.

Proof Let £ be an arbitrary strategy and define the sequence of interleaved stopping times

On, Tn, N > 0 as follows:

o9 = 0
Tn = inf(t>0n:Aft:—l,iALt>OorA§t:+1,ﬁt<O)

Ont1 = inf(t> 7, :Et =0).
Now define a new strategy é by 50 =¢p and for t > 0,

£ on Up>o(on, Tn)
€ = 0 on UnZO[Tna Un+1] N {ASTn = +]‘}
1 on Un>olmn, ont1) N{AE, = -1}

The strategy é just mimics £ until £ either buys when Et < 0 or sells when ﬁt > 0. It then
takes no action until /Ht hits 0 when it changes back to &.

Since §~ is continuous at 7,, it is clear that §~ is previsible. In addition we have that
T, > T, and so EQ e_pTi)2 < 00. We also have {Nuﬁu > fuﬁu for all times u, and so & has a
larger expected discounted gain than &. O

Lemma 3.2 Let b,V € I with ¥ > b and suppose it is optimal to buy when hy = b > 0.
Then there exists p(b') > 0 such that for p < p(V') it is also optimal to buy whenever he =1

Proof Suppose ﬁo =0 >band & = 0, and let T denote the first time % hits b. Let £
be a Markov strategy which buys when ﬁt = b, but not when /I{t € U, where U is an open
interval containing b’. Let 5 be the strategy identical to £ except that f buys immediately.
Thus TZ = T; for i > 2 and Tl,Tl < T. The difference between the expected discounted

gains under §~ and £ is given by

E {/ e P& — é})ﬁt dt — %cE(e_”T1 — e PT)
0

)
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We note that & > & and he >0 for t € [0,T], so that ﬁt(é — &) >0 fort e [0,7]. Thus,
by Monotone convergence on each term separately as p — 0, and noting that T, and T are

a.s. finite since h; is recurrent, we have

o0 ~
lin(le [/ e P& — &)hedt — Je(e P — e7PTh) yg} > 0.
p— 0
Thus for p sufficiently small it is better to buy immediately. U

Similarly if it is optimal to sell when ﬁt =5<0,s e, then for any s’ < s, s € I and
for p sufficiently small, it is optimal to sell whenever Et =35

Thus the limiting optimal strategy has the form: buy if /l{t > b > 0 and sell if /ﬁt <s<0.
It only remains to show s and b satisfy (3.1) and (3.2).

Proposition 3.3 The limiting optimal strategy as p — 0 is to buy when ?Lt >b>0 and to
sell when ?Lt < s <0, where b and s satisfy:

$(b) = $(s),
b—s—cy = (s(b)—s(s))/s'(s),

and the function s(x) is the scale function of /ﬂ, defined on page 7.

Proof From the optimality condition derived in Section 2, Equations (2.2)—(2.5), the

limiting strategy as p — 0 gives rise to a function w which satisfies 1o(z)?w” — yzw' = —z
in (s,b); w(z) = 3¢ on [b,00); w(z) = —4c on (—ooc, s], and w(z) is differentiable at x = s
and x = b.

We first define f(z) = w(z) — z/7 so that f satisfies 1o(2)?f” — yaf = 0 on (s,b).

Integrating once and using §'(z) = 27/” uo ()~ du giyeg f'/s' = K, a constant, so using

the fact that w'(b) = w'(s) = 0 we have §'(s) = §/(b) = —%. Integrating again and using
w(b) —w(s) = cgives c— (b—s)/v = —(s(b) — s(s))/(75'(s)). Rearranging gives the result.
U

Exmaple If the price process is an Ornstein-Ulhenbeck process, so dS; = o dB; — Sy dt,
then dﬁt = —vyodB; — ’yﬁt dt. The optimal strategy is to buy if S; < —b/v and to sell if
Sy > b/7, where b satisfies

b
2b — ye = 2e70/(10%) / e’ /07 qu, (3.3)
0

We now show that this equation has a unique solution in b > 0 and thus determines the
optimal trading strategy. Let ¢(b) denote the right hand side of (3.3), so ¢(b) > 0 and
¢(b) = 0 only at b = 0. Since ¢'(b) = 2(1 — TZQZ)) and the left hand side of (3.3) has

derivative 2 (considered as a function of b), there can be at most one solution. To prove



existence we note that ¢(b) — 0 as b — 0; we now show ¢(b) — 0 as b — oo. Writing

u = bv, we have
1
60) =2 [ b VIO gy g [ et 0/07 g,
0 [0,1)

For z > 0 the maximum of be %’ occurs at b = 1/v/2z, so

bl P D00 < o3 1 AL =) [(307), b>0, veo1)

which is integrable on [0,1). Since be?”@*~1/(*) — 0 as b — oo on [0,1), by Dominated
Convergence, ¢(b) — 0 as b — oc.

Average gain case. We now consider the problem of maximising

hmlanE/ &, dSy — CZI{TiSt}D)O]a

which we shall refer to as the (long run) average gain. Our method is essentially the same
as that of the proof of Proposition 1, and we will deduce the same condition (Equations
(2.2)-(2.5)) but for p equal to 0. Thus if an optimal strategy exists for this second problem,
and the equation Gw = —E, with the same boundary conditions as before, has a unique
solution, then the limiting optimal strategy as p — 0 also maximises the average gain. Let
E? denote expectation under the law of Et started from z. In this Section we will assume
that hy is positive recurrent (so PY(H, < oo) = 1 implies EY(H,) < oo where H, denote
the first hitting time of 2 by hy), that o is bounded on I and that %E(\/fm) — 0 as t — oo.

First we state and prove a useful lemma:
Lemma 3.4 Let 0 < 7 be two Y-stopping times with E(1 — o) < co. Then E(S; — S,) =
—y B (R — hy).
Proof We have
B(S, — 80+ 77 (e ~ o)) = % [ 147 oB)] N,

Since 1 4+ 7y !o(:) is bounded and E(r — 0) < oo, we have that the family of random
variables {fTAt 1+~ to(hy))dN, : t > 0} is L2-bounded and hence UL Thus E[T(1+
v~ 1o (hy)) dN, = 0 by a version of the Optimal Stopping Theorem. O

Note that a corollary of this is that the optimal strategy is to buy when Et >b>0and

to sell when hy < s < 0, for some b and s (by very similar arguments to those given earlier).

Proposition 3.5 Suppose that, for fited s < 0 < b, the strategy & which buys when he >b
and sells when hy < s is optimal. There is a function w such that Gw(x) = —x on (s,b),
w = +3c on [b,00), w = —3c on (—00,s] and w’ = 0 at b and s, where G denotes the

generator of th.



Proof Define g(z) = 0 for 2 < s, and g(z) = E* [ *hedt — ¢ for & > s, where H, is
the first hitting time of s by ?Lt. Let B* be the optimal stopping set for the problem:
maXEwg(/ﬁT/\Hs). Let b =bAinf{z € B,r > s}; we will show b = b.

Define the sequence of stopping times oy, 7, n > 0 by

T = 0
on = inf{t>m,: /f;t > b}
Tot1 = Inf{t > oy, : iALt < s}

and define G; = fg &ﬁu du—%c > Iir,<iy- Let N(t) be the greatest index such that 7y <t
and write
N(t)+1
Gt =G =GNy +Gr + Z (Gr, — Gry)-
n=2

We will show lim;_ %E(Gt — Gnw41) = 0, limg o %E(GTI) = 0, and then finally that
limy o0 1E Z:,];[:(';)(GT”+1 - Gr,) = K’IIEEg(/fZHb/\HS) for some constant K. This will imply
b=b.

For the two first statements, note that £ can buy and sell at most once in each of the

intervals [0,71) and [t, Tn(¢)4+1). Thus we have

E(Gr) < ~ (Rl + (6] + |s]),

<
E(Gt — Grygyer) < 7 kel + 0] + [s]).
Since YE([hy|) — 0 as t — oo, limi—co YE(Gy — Gypyy1) = 0 and limy—o0 LE(G,) = 0.
For the third statement, E(7,41 — 7,,) > 0 so E[N(¢)] < oo (see Grimmett & Stirzaker
(1992), 10.5.1(b)). As the random variables G — G,,, n > 1, are IID, using Wald’s
equation (Grimmett & Stirzaker (1992), page 211) and setting K = E(7,41 — 7,) gives

Tn+1

N(t)+1
tlirgo %Ex[ Z (GTn+l - GTn)] = tliglo %Ex[N(t)]Ex(GTn+1 - GTn)
n=2

= K_lEB(GTnH - GTn)
= KﬁlEb[I{Hb<Hs}g(ﬁHb)]
= K 'E'g(hg,nm,)]-
Thus b = inf{x € B*,x > s}. The remainder of the proof is very similar to the proof of

Proposition 1: defining g(z) = 0 for z > b and g(x) = —E*( OHb Ty dt + c) for x < b, we can
show that s = sup{z € S*,x < b} where S* is the optimal stopping set for the stopping

10



problem: max E”g(ﬁ H.AH,)- These are just the same stopping problems met in Proposition
1 but with p replaced with 0. Thus the points s and b satisfy (2.2)-(2.5) with p = 0, and

the result follows.

O
4 Finite statespace models
We consider the model
dS; = dB; + h(Xt) dt
where X is an irreducible Markov Chain on {1,... ,n} with @-matrix @, and independent

of B. In this section we will consider the problem of finding a transaction cost above which
it is optimal never to buy the asset, in both the discounted and average gain versions of the
optimal trading problem. At the end of the section we will consider a simple 2-state model.

Letting p(i) = P(X; = i|)}), where ) is as usual the filtration generated by the asset
price process, we have (see Section VI.11 of Rogers & Williams (1987))

dpy(i) = pe(i) (h(i) — he) ANy + (Q " py) (i) dt. (4.1)

From Section 2 the optimal strategy, which buys when p; € B and sells when p; € S,
gives rise to a function w on {x1,... ,xy : Y, x; = 1,2; > 0}, such that (G—p)w = —h. Here
G is the generator of p; and the function & is defined by E(x) = >, x;h(i), with boundary
conditions w = +3cin B, w = —3cin S, and Y, z;(h(i) — E)@w/axi = on 0B and 05S.

Define 9(i) = E([5° e ?h(X;)dt|Xo = i). Note that (p — Q)¢ = h so (G — p)¢ =
—h. Suppose we are about to buy at time 0 and subsequently sell at the random time 7.
This will not be an optimal decision if E( [ e ?'h(X;)dt — £c(1 + 7)) < 0. Note that
E(fy e "' h(Xs)dt — 3e(1 +e777)) = o — tc— Ee " (1h, + 1c) using the Strong Markov
property at 7.

Proposition 4.1 Define ™ = max; (i), Y™ = min; ¥(i). Then, i) if v™ > —p™ and p;
is irreducible on {z1,...,xy : > x; = 1,2; > 0} (with respect to Lebesgue measure), it is
optimal never to buy the asset if ¢ > 2™, and to buy at some point with probability one if
c < 29M; i) if yM < —p™  a sufficient condition to ensure that it is optimal never to buy
the asset is that ¢ > M — ™.

Proof i) If M > —¢™ and ¢ > 2¢™, then JT+ %c > (0 and T,/Z)\Q — %c < 0, so 120 — %c—
EC_pT(QZ)\T + %c) < 0. If ¢ < 2¢p™ | choose k such that %c < k < 9yM_ buy when 1,5 > k, which

happens with probability one, and sell at some sufficiently large deterministic time 7.

11



i) If ™ < —4p™ then M 4 ™ < 0. Write 2¢ = M — ™ + 2¢/, with ¢ > 0. Now
o —Le—Ee P (hy + 1) < M —Lle—Rerm(ym + L)
s+ M —2¢) — Be T3 (Y + M +2¢)

= Jm+yM)1 - Ee ") — /(1 +Ee )
0

O
Remark In Proposition 4.1 we ignore the case where ¥M = 9™ since then h = (p — Q)v
is constant and the asset has constant drift.
Average gain case. We now suppose that we are considering buying at time 0 and
subsequently selling at time 7, which we will assume satisfies E(7) < oc.

Define (i) = E( [, e "*h(X;) dt|Xo = i) (the function ¢ of the previous section) and
let 7 be the stationary distribution of X. Note that as p — 0, ?(i) — 7 - h/p converges,
since ¢f (i) — - h/p = [; (e P (EB(h(X:)|Xo = i) — 7 - h) dt) and E(h(X;)|Xo = i) —7 - h
converges to 0 exponentially fast as t — oo. Let ¢°(i) = ¢*(i) —m - h/p and ¥ = lim, o 0P,
so that (p — Q)Y” = h — 7 - h. Now using E(7) < co we have

E(Sr —So) = })E%E [/000 e P'h(Xy)dt — Le(1+e777)
= lim(yP — ¢ — Ele™ " (47, + 50)))

Jin
= Do —E(,) — e+ (x- WE(L— ) /p
= G0 —E(@,) - c+ (r HE(T)

Thus if 7 - h > 0 it is always optimal to buy at some point, and we can ensure a positive

RSS))

expected profit by simply selling at a sufficiently large deterministic future time. If 7-h < 0,
a sufficient condition to ensure it is optimal never to buy the asset is ¢ > maxilﬁ(i) —
mmzqﬁ(z) If #-h = 0 it is optimal to buy the asset at some point if and only if ¢ <
¢* = max; (i) — min; ¥ (7). In the case where m - h = 0 note that this amounts to the
assumption that the asset has no long-term drift; in this case we also have —Qq/; = h and
thus G = —h. These both still hold if we add a constant to 1, so without loss of generality
assume min; (i) = —1c. We can now write down an explicit solution to (2.2)-(2.5) in the
case ¢ = ¢* by setting w(p) = @AZ

Exmaple We consider a model for the asset price with the form
dS; = dB; + X dt

where X is a Markov chain on {—1,+1}, independent of the Brownian motion B, so S;

alternates between being a Brownian motion with drift +1 and a Brownian motion with
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drift —1. We assume that X jumps between +1 at a rate ¢ > % p. This model fits into the
previous framework through the choice h(x) = z. Since hy = E(h(X¢)|Vr), from (4.1) we

have

This is of the form considered in Section 2. Here the scale function s(z) satisfies s'(z) =
exp(4q [Fu/(1 — u?)?du) = e2a/(1-u?), Thus, using results from Section 2, the optimal
strategy is to buy when ﬁt > b and to sell when Et < —b, where b satisfies

b
b— gc = e~ 24/(01=V) / e2a/(1=%) gy,
0

This equation has a unique positive solution provided ¢ < 1/¢q. Note that (1) = p/((q¢ +

p)?—p?) = (2q—p)~t and ¥(—1) = —p/((g + p)> — p*) = —(2¢ — p)~". If ¢ > 1/q then for
p sufficiently small, ¢ > ™ — 4™ and it is optimal never to buy the asset. If ¢ = 1/q¢, then
M > 1c and it is optimal to buy when 1 hits a level b(p) where b(p) — 1 as p — 0.

5 Reversion to a moving level
In this section we assume the asset price obeys the SDE
dSy = dBy; + h(Xy) dt,
where h(x) = —yz, v > 0. The Markov process X is defined by
X =5 — UBQ,

where B’ is a Brownian motion independent of B, o > 0 is known, and, conditional on ),
X is Gaussian with mean 7y and variance vg. This model is very similar to that considered
in Mandarino (1990).

Since the process (S¢, X;) is jointly Gaussian, the conditional distribution of X; given
Vs is also Gaussian and we need only consider the evolution of the conditional mean, 7;
and variance v; of X;. Introduce the notation f; = E(f(X:)|V:) for an arbitrary function f.
Since X is a diffusion, the evolution of fA’t is given by (see Section VI.8 of Rogers & Williams
(1987))

R N t o PN t P
hi= T+ / (Fho — Fuhru + Gy dNW) + / GF. du, (5.1)
0 0

where G is the generator of X as usual. The process oy is defined by doy = d[B, M|, where
M; denotes the F-martingale f(X;) — fot G fu du.
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Applying (5.1) to the function f(z) = x, and using that fact that dX; = dB; —vyX; dt —

o dBj, we obtain (supressing some indicies)

A7 = (—ya2+~22+1)dN, — 3 dt
= (1 — "}/Ut) dNt — ’)/.’/E\t dt.

Similarly, applying (5.1) to the function f(x) = 22, giving
dz? = (—yz® + y22% + 28) ANy + (2722 + 1 + o2) dt.
Thus, since dv; = dz? — dz?,
dvy = (=23 + 39228 — 2932) dN; + (2922 + 1 + 02 + 2922 — (1 — yuy)?) dt.

The second term simplifies to (62 —~2v?) dt, and as X; given ), is Gaussian, 23 —3722+27° =
p aCH )

0. Thus the conditional distribution of X; evolves according to

d./ft = (1 — ’)/’Ut) dNt — 'Y/ft dt
dvy = (0% —~%?)dt.

If we are in the steady state, with v; = o /7, we have
dﬁt = —’Y(l — O') dNt - ’}//ﬁt dt.

This OU form for /f;t has already been considered in Section 2, and the optimal strategy

is: buy when ﬁt hits b and sell when ﬁt hits —b, where b is the unique positive solution to

b
9% — e = 9eb/(1=aP) / i/ (Vl1=ol?) g,
0
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